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Microorganisms often encounter anisotropy, for example in mucus and biofilms. We study how anisotropy and elasticity of
the ambient fluid affects the speed of a swimming microorganism with a prescribed stroke. Motivated by recent experiments
on swimming bacteria in anisotropic environments, we extend a classical model for swimming microorganisms, the Taylor
swimming sheet, actuated by small-amplitude traveling waves in a three-dimensional nematic liquid crystal without twist. We
calculate the swimming speed and entrained volumetric flux as a function of the swimmer’s stroke properties as well as the elastic
and rheological properties of the liquid crystal. These results are then compared to previous results on an analogous swimmer
in a hexatic liquid crystal, indicating large differences in the cases of small Ericksen number and in a nematic fluid when the
tumbling parameter is near the transition to a shear-aligning nematic. We also propose a novel method of swimming in a nematic
fluid by passing a traveling wave of director oscillation along a rigid wall.
1 Introduction
The nature of the fluid through which a microorganism swims
has a profound effect on strategies for locomotion. At the
small scale of a bacterial cell, inertia is unimportant and
locomotion is constrained by the physics of low-Reynolds-
number1 flows1–3. In a Newtonian liquid such as water, low-
Reynolds number locomotion is characterized by two distinc-
tive properties: a vanishingly small timescale for the diffusion
of velocity, and drag anisotropy, which is a difference between
the viscous drag per unit length on a thin filament translating
along its long axis and transverse to its long axis3. In resistive
force theory, drag anisotropy is required for locomotion4–6.
In complex fluids such as polymer solutions and gels, the
elasticity of the polymers introduces a new timescale, the
elastic relaxation timescale, which is much longer than the
timescale for the diffusion of velocity7. When the fluid has
an elastic response to deformation, swimming speeds can in-
crease or decrease depending on the body geometry and the
elastic relaxation timescale8–16, and the so-called scallop the-
orem does not apply17,18. Swimmers can move faster in gels
and networks of obstacles than in a Newtonian liquid19–21.
When the flagellum size is similar to the size of the polymers,
local shear-thinning may be the primary cause of swimming
speed variations in such fluids22–25.
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Like polymer solutions and gels, liquid crystals have an
elastic relaxation time scale, but they also alter the drag
anisotropy required for propulsion since the fluid itself ex-
hibits anisotropy. For example the nematic liquid crystal phase
consists of rod-like molecules which spontaneously align in
the absence of an external field. The consequences of molec-
ular anisotropy on the locomotion of microorganisms have re-
cently been explored experimentally. Proteus mirabilis cells
were found to align with the nematic director field and form
multi-cellular assemblies26,29,30 (Fig. 1a). When swimming
near nematic droplets, surface topological defects were shown
to play an important role in bacterial escape from the liquid
crystal interface29. Collective dynamic effects and director-
guided motion was also observed in Bacillus subtilis at low
bacterial volume fraction, and a local melting of the liquid
crystal caused by the bacteria was found27 (Fig. 1b,c). Po-
tential applications include the delivery of small cargo us-
ing the direction of molecular orientation31. Understanding
these results may be relevant in understanding locomotion in
biofilms28 (Fig. 1d), and is complementary to recent work on
active nematics, or soft active matter, in which dense suspen-
sions of microorganisms themselves can exhibit nematic-like
ordering32–34 (Fig. 1e).
A classical mathematical model of swimming microorgan-
isms is Taylor’s swimming sheet1, in which either transverse
or longitudinal waves of small amplitude propagate along an
immersed sheet of infinite extent. Extensions of this model
have been used to study other important phenomena such as
hydrodynamic synchronization35–38, interactions with other
immersed structures39,40 and geometric optimization41. Other
variations on this asymptotic model have been used to study
locomotion in a wide variety of complex fluids by numerous
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Figure 3. LLC in sessile drop.  (A) Texture with multiple disclination pairs, green 
rectangle indicates the region shown in (B,C,D). Bacteria are aligned along the local 
nematic director, as revealed by the fine stripes. Scale bar 30 μm. No polarizers. See also 
SI Movie 7.   (B,C,D) LLC texture with -1/2 and 1/2 disclinations and the pattern of local 
flow velocity (blue arrows) determined by particle-image velocimetry. The flow typically 
encircles the close pair of defects. 
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31 De Luca, A. et al. (2008) Optical nanotomography of anisotropic fluids. Nat Phys 
4, 869-872. 
 
 
 
 
Figure 1. Distortion of the nematic director detected by optical microscopy. (A) 
Snapshot of swimming bacteria observed under a microscope with slightly de-crossed 
the surface of P. mirabilis-hDC was strong, the orientation-
dependent energy of interaction of the LC and the rod-shaped
bacterium (length L¼ 3 mm, radius R¼ 0.5 mm) would be:6,15,32,33
Uelastic ¼ 2pKq2L/ln(2L/R), (1)
where q is the angle (in radians) between the director of the LC
and long-axis of the bacterium and K is the elastic constant of
the LC (K ¼ 10 pN),24 where for simplicity the elastic constants
for splay, twist, and bend are assumed to be equal in magnitude
allowing the strain of the LC to be described by a single elastic
constant. This analysis leads to the prediction that even slight
deviations of the bacterial long axis from the nematic director
would be highly unfavorable (e.g., Uelastic " 90 kT for q ¼ 4#). In
contrast, we measured a signicant number of bacteria to be
oriented away from the far-eld director (35% of cells in
nematic DSCG were recorded with q $ 4#), suggesting that the
tangential anchoring of the LC on the surface of the bacteria is
likely weak [a conclusion which receives support from addi-
tional observations reported below; we note also that weak,
tangential anchoring of DSCG at surfaces has been reported
elsewhere34,35].
Interactions of bacteria mediated by LC
As noted above, past studies have demonstrated that the elas-
ticity of LCs, and topological defects that form about passive
particles in LCs, mediate particle–particle interactions that
result in self-assembly of the particles.7–11 For example, it has
been demonstrated that spherical and ellipsoidal colloids with
tangential surface anchoring form well-dened chains – for
spherical colloids the vector that joins the particle centers
is offset 30# from the far-eld director.36 We observed the
Fig. 2 Configuration of LC around bacteria and resulting bacterial
alignment. (A and B) Bright field and crossed polars images, respec-
tively, of non-motile P. mirabilis-flhDC cells dispersed in nematic
DSCG solution at 25 #C. The double-headed solid arrows in B indicate
the positions of the polarizers while the double-headed dotted arrows
depict the orientation of the LC director (n). (C) Schematic represen-
tation of the LC director profile that results from weak, tangential
anchoring of the LC on the surface of P. mirabilis-flhDC cells. (D)
Distribution of angles between the rubbing direction of the glass slides
and the long axis of P. mirabilis-flhDC cells in DSCG solution at 25 #C
(nematic) and 42 #C (isotropic). The scale bar in A is 10 mm. Values are
reported with associated standard errors.
Fig. 3 Dynamic association of motile bacteria in nematic LC. (A)
Sequence of images (bright field) showing end-on-end association of
two motile P. mirabilis-flhDC cells in nematic DSCG solution (15 wt%)
at 25 #C. Dotted arrows indicate the velocity of the bacterial cells (see
calibration in t¼ 1.5 s). (B) Plot of the velocities of the P. mirabilis-flhDC
cells shown in (A) before and after association into the chain. The scale
bar in (A) is 5 mm.
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Elasticity-mediated nematiclike bacterial organization in model extracellular DNA matrix
Ivan I. Smalyukh,1,2,* John Butler,1 Joshua D. Shrout,3,4 Matthew R. Parsek,4 and Gerard C. L. Wong1,5,†
1Department of Materials Science and Engineering, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801, USA
2Department of Physics and the Liquid Crystal Materials Research Center, University of Colorado at Boulder,
Boulder, Colorado 80309, USA
3Department of Microbiology, University of Washington, P.O. Box 357242, Seattle, Washington 98195, USA
4Department of Civil Engineering and G ological Sciences, University of Notre Dame, Notre Dame, Indian 46556, USA
5Department of Physics, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801, USA
!Received 14 June 2008; published 23 September 2008"
DNA is a common extracellular matrix component of bacterial biofilms. We find that bacteria can sponta-
neously order in a matrix of aligned concentrated DNA, in which rod-shaped cells of Pseudomonas aeruginosa
follow the orientation of extended DNA chains. The alignment of bacteria is ensured by elasticity and liquid
crystalline properties of the DNA matrix. These findings show how behavior of planktonic bacteria may be
modified in extracellular polymeric substances of biofilms and illustrate the potential of using complex fluids
to manipulate embedded nanosized and microsized active particles.
DOI: 10.1103/PhysRevE.78.030701 PACS number!s": 61.30.!v, 82.70.!y, 61.25.H!, 77.84.Nh
Most bacteria live in surface-associated multicellular
communities known as biofilms. Unlike their free-floating
planktonic counterparts, bacteria in biofilms are encapsulated
in a protective matrix of extracellular polymeric substances
!EPS" and are strongly resistant to antibiotics #1,2$. Although
biofilms are responsible for many problems in industry and
agriculture as well as for lethal infections, they can also per-
form useful functions, such as hydrocarbon breakdown in oil
spills and waste water treatment. The EPS matrix of naturally
occurring bacterial biofilms is a complex mixture of macro-
molecules including proteins, exopolysaccharides, and DNA
#2,3$, the last of which has recently been shown to be an
important functional component of biofilm structure #3$. Ad-
dition of DNase I to the culture medium strongly inhibits or
prevents biofilm formation !although it does not alter growth
of individual cells" and can result in “dissolution” of well-
established biofilms #3,4$. Bacterial biofilms grow in the air-
ways of Cystic Fibrosis !CF" patients, where DNA concen-
tration can reach 20 mg /ml #5$. Detailed knowledge of the
interaction mechanisms of bacteria with semiflexible poly-
mers such as DNA is essential for understanding bacterial
biofilms in these environments #2$.
The ability to manipulate bacterial genomes has revolu-
tionized our understanding of bacteria #2$. Recently, physical
methods such as nanofabrication, microcontact printing, and
microfluidics have been used to gain insight into bacterial
behavior #6–10$. Much less work, however, has been done
from the perspective of bacteria as an active colloidal com-
plex fluid, where indivi ual cells exhibit hierarchical interac-
tions with each other and with their environment. Indeed,
inert colloidal objects embedded in complex fluids #11–14$
as well as water suspensions of self-propelled particles such
as bacteria #15$ exhibit a rich diversity of interactions. How-
ever, it is not known how different components of the EPS
matrix affect bacterial organization. In this Rapid Communi-
cation, we demonstrate that Pseudomonas aeruginosa can
self-organize into a nematiclike ordered state via elastic in-
teractions with an extracellular matrix of DNA. This is un-
expected since most bacteria !including P. aeruginosa" do
not form ordered structures by themselves, despite their elon-
gated shapes #15–17$. We find that the interaction between
bacteria and the elastic matrix of concentrated DNA influ-
ences the average orientation and motility of P. aeruginosa.
In such a DNA matrix, rod-shaped bacteria follow the ex-
tended DNA chains and the liquid crystalline !LC" director nˆ
describing their local average orientation !Fig. 1"; we show
why this is the case. These results demonstrate a simple ap-
proach to organize active matter in the nanoscopic and mi-
croscopic regimes. Cell alignment can be also important
from the biological perspective, since it can impinge on bac-
terial signaling and differentiation #18,19$.
We used a Nikon E200POL polarizing and a Leica TCS
SP2 confocal microscopes with fluorescence attachments.
Images were acquired using a 63" oil-immersion objective
with numerical aperture of 1.4. The studies where performed
using #-phage DNA molecules !New England BioLabs, Inc."
that contain 48 502 base pairs and have %16.3 $m contour
length and %50 nm persistence length. DNA molecules were
*ivan.smalyukh@colorado.edu
†gclwong@illinois.edu
(a) (b)0nˆ 0
nˆ
FIG. 1. Fluorescence images of unidirectionally aligned P.
aeruginosa cells in the aligned LC matrix of concentrated DNA; the
number density of bacteria increases from !a" to !b". The signal is
from the green fluorescent protein in cells.
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Fig. 1: (Color online) Sketch of a swimming sheet (not to
scale) immersed in a nematic liquid crystal with director field
n(x, y, t). The propagating wave has wavelength 2⇡/q, small
amplitude b ⌧ 2⇡/q, and wave speed c = !/q. The director
field n makes an angle ✓ with the x axis.
analytically in general. We show how the swimming veloc-
ity depends on numerous physical parameters, such as the
rotational viscosity  , anisotropic viscosities µi, the Frank
constants Ki, the tumbling parameter   and the Ericksen
number. The rate of fluid transport is also investigated,
which unlike in a Newtonian fluid, can move along with or
against the motion of the swimmer. The results may be
relevant in understanding locomotion in biofilms [25], and
is complementary to recent work on active nematics, or
soft active matter, in which dense suspensions of microor-
ganisms themselves can exhibit LC-like ordering [26–28].
Anisotropic viscous stress. – The nematic
molecules are rod-like and their directions are provided
in a continuum approximation by a director field n. The
fluid’s viscous stress response to deformation is approx-
imated by incorporating terms linear in the strain rate
that preserve n !  n symmetry. In an incompressible
nematic, this yields the deviatoric viscous stress [29, 30],
 d = 2µE+ 2µ1nn (n · E · n) + µ2 (nE · n+ n · En) , (1)
with E =
⇥rv + (rv)T⇤ /2 the symmetric rate-of-strain
tensor. The coe cients µ1 and µ2 can be negative, but the
requirement that the power dissipation be positive yields
bounds of µ > 0, µ2 >  2µ, and µ1 + µ2 >  3µ/2.
Elastic stress. – The elastic free energy for a nematic
liquid crystal is
F = K1
2
(r · n)2+K2
2
(n ·r⇥ n)2+K3
2
[n⇥ (r⇥ n)]2 ,
(2)
where K1 is the splay elastic constant, K2 is the twist
elastic constant, and K3 is the bend elastic constant [30].
The total free energy in the fluid (per unit length) is
Fel =
R Fdxdy. The elastic response of the fluid to de-
formation introduces a length-scale-dependent relaxation
time, ⌧ = µ(K3q
2) 1, where µ is a characteristic fluid vis-
cosity. For small-molecule liquid crystals, typical values
are µ ⇡ 10 2 Pa-s and K3 ⇡ 10 11N. On the length scale
of bacterial flagellar undulations for which q ⇡ 1µm 1,
the relaxation time is ⌧ ⇡ 1ms. In two-dimensions,
n = cos ✓xˆ+ sin ✓yˆ with ✓(x, y, t) the angle field, and the
twist term vanishes.
Equilibrium configurations of the director field are
found by minimizing F subject to |n| = 1. This proce-
dure leads to h = 0, where h is the transverse part of the
molecular field H =   Fel/ n, h = H nn ·H. The fluid
stress corresponding to the elastic free energy F is then
 rik =  ⇧kl@inl 
 
2
(nihk + nkhi)+
1
2
(nihk   nkhi) , (3)
where ⇧ki = @Fel/@(@kni), and the dimensionless param-
eter   is the ‘reactive parameter’ or ‘tumbling parameter’,
which depends on the shape of the molecules and the de-
gree of nematic order [29,30]. In equilibrium, the condition
for the balance of director torques h = 0 implies the bal-
ance of elastic forces,  @ipeq + @j rij = 0, provided the
pressure is given by peq =  F [31].
Governing equations. – The swimming body is
modeled as an infinite sheet undergoing a prescribed trans-
verse or longitudinal sinusoidal undulation of the form
y1 = b sin(qx   !t) for a transverse swimmer and u1 =
a sin(qx   !t) for a longitudinal swimmer, measured in
the frame moving with the swimmer. The sheet is im-
mersed in an infinite nematic liquid crystal in which the
molecular director field n is restricted to two-dimensions.
At zero Reynolds number, conservation of mass results
in a divergence-free velocity field, r · v = 0, and conser-
vation of momentum is expressed as force balance,
 @ip+ @j
 
 dij +  
r
ij
 
= 0, (4)
and torque balance,
@tni + (v ·r)ni   1
2
[(r⇥ v)⇥ n]i
=   ( ij   ninj)Ejknk + hi/ , (5)
where   is a rotational viscosity [29, 30]. Equation (5)
balances the viscous torque arising from the rotation of the
director relative to the local fluid rotation, with viscous
torque arising through E and elastic torque through  h.
The no-slip velocity boundary condition is applied on
the swimmer surface, and as y ! 1 the flow has uni-
form velocity v = U xˆ where  U is the swimming speed.
Meanwhile, the director field has a surface-chemistry-
mediated preferential angle at the boundary. We will
study the case of tangential anchoring, with anchoring
strength w, leading to a mixed boundary condition there,
N · rn + w(I   NN) · n = 0, where I is the identity
operator and N is the unit normal vector at the surface
[31]. Strong tangential anchoring (w ! 1) results in
tan(✓(x, y1, t)) = @xy1(x, t) (see Fig. 1).
The system is made dimensionless by scaling lengths
upon q 1, velocities on c = !/q, time upon ! 1, and forces
upon K3. Henceforth all variables are understood to be
p-2
b
✓
(f)
2⇡/q
Fig. 1 (Color onlin ) (a) Dynamic assembly of bacteria in disodium cromoglycate26. (b) Melting of the liquid crystal medium behind a
flagellated swimmer27. (c) Disclinated texture observed as a collection of bacteria locomote in a nematic liquid crystal27. (d) Aligned
Pseudomonas aeruginosa cells in the liquid crystal matrix of concentrated DNA28. (e) Aligned swimmers in a bacterial flock. Figure from
Gregory Velicer (Indiana U iversity Bloomington) and Juergen Bergen (Max-Planck Institute for Developmental Biology). (f) Sketch of a
swimming sheet (not to scale) immersed in a nematic liquid crystal with director field n(x,y, t). The propagating wave has wavelength 2pi/q,
small amplitude b 2pi/q, and wave speed c= ω/q. The director field n makes an angle θ with the x axis.
authors42. Locomotion in liquid crystals, however, has not
yet seen much theoretical treatment. In previous works43,44,
we studied a one-dimensional version of Taylor’s swimming
sheet in a two-dimensional hexatic LC film. Departure from
isotropic behavior in that odel is greatest for large rotational
viscosity and strong anchoring boundary conditions, and the
swimming direction depends on fluid properties. Further un-
usual properties for Taylor’s swimming sheet were observed,
such as the presence of a net volumetric flux. Because the
nematic phase is more commonly observed than the hexatic,
the present study is intended to explore new features that arise
with nematic order, and also to determine when, if ever, the
hexatic model can be used to accurately describe swimming
in a nematic liquid crystal.
In this article we extend the Taylor swimming sheet model
to the study of force- and torque-free undulatory locomotion
in a three-dimensional nematic liquid crystal, with tangential
anchoring of arbitrary strength on the surface of the swim-
mer. We assume the director lies in the xy-plane and does not
twist (Fig. 1f). Alternatively the problem could be considered
as filament motion in a two-dimensional nematic fluid. By
performing an asymptotic calculation to second-order in the
wave amplitude, assumed small compared to the wav length,
we examin how fluid anisotropy and rel xation affects swim-
ming speed. We show how the swimming velocity d pends o
numerous physical para eters, such as the rotational viscos-
ity γ , anisotropic viscosities µi, the Frank elastic constants Ki,
the tumbling parameter λ , and the Ericksen number Er, which
measures the relative viscous and elastic forces in the fluid.
The rate of fluid transport induced by swimming is also inves-
tigated; unlike in a Newtonian fluid, the induced fluid flux can
be either along or against the motion of the swimmer.
The paper is organized as follows: In §2.1 we describe the
stresses that arise in a continuum treatment of a nematic liquid
crystal near equilibrium. In §2.2 we use these stresses to de-
rive a set of coupled equations for the flow field and local ne-
matic orientatio . Followi Taylor1, we no dimensionalize
and expand these equations perturbatively to first- and second-
order in wave ampl tu e and der ve an integral relation for the
swimming speed and volume flux in §2.3 and §2.4. The de-
pendence of the swimming speed and flux on Ericksen num-
ber, rotational viscosity, and tumbling parameter is described
in §3. In §3.4, we show that a propagating wave of director os-
cillation can result in fluid pumping and locomotion of a pas-
sive flat surface. To determine the regimes in which the results
for swimming speed and flux are comparable in nematic and
2 | 1–12
hexatic fluids, and where they differ, we plot these quantities
side-by-side and discuss the results in the Discussion, §4.
2 Theory
2.1 Viscous and elastic stresses
In a continuum treatment of a nematic liquid crystal, a local
average of molecular orientations is described by the director
field n. The fluid’s viscous stress response to deformation is
approximated by incorporating terms linear in the strain rate
that preserve n→ −n symmetry. In an incompressible ne-
matic, the deviatoric viscous stress45,46 is
σ d = 2µE+2µ∗1 nn(n ·E ·n)+µ∗2 (nE ·n+n ·En) , (1)
with E=
[
∇v+(∇v)T
]
/2 the symmetric rate-of-strain tensor,
and v the velocity field. The shear viscosity of an isotropic
phase is µ , and µ∗1 and µ
∗
2 are viscosities arising from the
anisotropy. The coefficients µ∗1 and µ
∗
2 can be negative, but
the physical requirement that the power dissipation be positive
yields bounds of µ > 0, µ∗2 > −2µ , and µ∗1 + µ∗2 > −3µ/2.
While both the nematic phase and the hexatic phase we studied
previously43 are anisotropic, the hexatic phase has µ∗1 = µ
∗
2 =
0 and thus has an isotropic viscous stress tensor, in contrast
with the nematic.
Meanwhile, the elastic free energy for a nematic liquid crys-
tal is
F =
K1
2
(∇ ·n)2+ K2
2
(n ·∇×n)2+ K3
2
[n× (∇×n)]2 , (2)
where K1 is the splay elastic constant, K2 is the twist elastic
constant, and K3 is the bend elastic constant45,46. The total
free energy in the fluid (per unit length) is Fel =
∫
Fdxdy.
As mentioned earlier, for simplicity we do not consider twist,
and thus we disregard K2. Thus, the angle field θ(x,y, t) com-
pletely determines the nematic configuration (Fig. 1f). Com-
paring again with our previous study43, there is only one
Frank constant when the two-fold symmetry of the nematic
is enlarged to the six-fold symmetry of a hexatic.
Equilibrium configurations of the director field are found
by minimizing F subject to |n| = 1. This procedure leads to
h = 0, where h is the transverse part of the molecular field
H = −δFel/δn; h = H−nn ·H. Near equilibrium, the fluid
stress corresponding to the elastic free energyF is then46,47
σ rik =−Πkl∂inl−
λ
2
(nihk+nkhi)+
1
2
(nihk−nkhi) , (3)
where Πki = ∂Fel/∂ (∂kni). In equilibrium, the condition for
the balance of director torques h = 0 implies the balance of
elastic forces, −∂ipeq + ∂ jσ ri j = 0, provided the pressure is
given by peq = −F 47. The “tumbling parameter” λ is not
a dissipative coefficient, but is related to the degree of order
and the type of nematic, with calamitic phases (composed of
rod-like molecules) tending to have λ > 0, and discotic phases
(composed of disk-like molecules) tending to have λ < 0. The
value of this parameter further classifies nematic fluids as ei-
ther “tumbling” (λ < 1) or “shear-aligning” (λ ≥ 1). In a sim-
ple shear flow, tumbling nematics continuously rotate whereas
shear-aligning nematics tend to align themselves at a certain
fixed angle relative to the principal direction of shear. In
DSCG, a lyotropic chromonic liquid crystal commonly used
in experiments on swimming microorganisms in liquid crys-
tals, the tumbling parameter λ is a function of temperature
and has a range λ = 0.6−0.948. For comparison, the hexatic
phase has λ = 0 and therefore lacks any of these distinctions.
Alternatively, we could have formulated the stresses us-
ing the Ericksen-Leslie approach; the connection between the
Ericksen-Leslie approach and that used here is discussed in
the references47,49.
2.2 Governing equations
The swimming body is modeled as an infinite sheet undergo-
ing a prescribed transverse sinusoidal undulation of the form
Y ∗ = (ε/q)sin(qx−ωt), measured in the frame moving with
the swimmer. Here ε is the dimensionless amplitude for the
swimmer. We focus on transverse waves in the body of this ar-
ticle, but we briefly treat longitudinal waves in the appendix.
At zero Reynolds number, conservation of mass of an in-
compressible fluid results in a divergence-free velocity field,
∇ ·v
¯
= 0, and conservation of momentum is expressed as force
balance,
−∂ip+∂ j
(
σdi j+σ
r
i j
)
= 0. (4)
Torque balance is expressed by45,46
∂tni+(v ·∇)ni− 12 [(∇×v)×n]i
= λ (δi j−nin j)E jknk+hi/γ∗, (5)
where γ∗ is a rotational or twist viscosity2. In DSCG, γ∗/µ
ranges from ≈ 5 to ≈ 5050. The viscous torque arising from
the rotation of the director relative to the local fluid rotation
balances with viscous torque arising through E and elastic
torque through−h. We work in the rest frame of the swimmer.
The no-slip velocity boundary condition is applied on the
swimmer surface, and as y→ ∞ the flow has uniform velocity
v =U∗xˆ where −U∗ is the swimming speed. Meanwhile, the
director field has a preferential angle at the boundary due to
anchoring conditions. We will study the case of tangential an-
choring at the swimmer surface, with anchoring strengthW 47.
2 For comparison with the much simpler hexatic phase, Appendix A includes
the governing equations for a hexatic liquid crystal 43.
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Since we expand in powers of the amplitude, we may write
this condition to second order in the angle field:
−K1∂yθ +W (θ −∂xY ∗) = 0, (6)
where y = Y ∗(x, t) describes the swimmer shape, and (6) is
evaluated at y = Y ∗. It is convenient to define the dimension-
less anchoring strength w=W/(qK1).
Henceforth we treat x, y, and t as dimensionless variables
by measuring length in units of q−1 and time in units of
ω−1. The dimensionless viscosities are defined by µ1 = µ∗1/µ ,
µ2 = µ∗2/µ and γ = γ
∗/µ . It is also convenient to introduce
the wave speed c=ω/q, which is one in the natural units. The
ratio of Frank constants is denoted by Kr = K1/K3, and we
define U = U∗/c, and Q = Q∗/(ωε2/q2) for the volumetric
flux. The undulating shape of the swimmer takes the nondi-
mensional form
(X ,Y ) = (0,ε)sin(x− t). (7)
The elastic response of the fluid to deformation introduces
a length-scale-dependent relaxation time, τ = µ/(K3q2).
For small-molecule liquid crystals, typical values are µ ≈
10−2 Pas and K3 ≈ 10−11 N. On the length scale of bacte-
rial flagellar undulations for which q≈ 1µm−1, the relaxation
time is τ ≈ 1 ms. Comparing the typical viscous stress (1)
with the typical elastic stress (3), we find the Ericksen num-
ber45, written Er= τω . Note that unlike the Reynolds number,
which is always small for swimming microorganisms, the Er-
icksen number for a swimming microorganism may be small
or large. The beat frequencies and wavenumbers of undulating
cilia and flagella vary widely8,51, and for experiments on bac-
teria in liquid crystals the Ericksen number can be small29,30,
Er≈ 10−1, or large27, Er≈ 101.
2.3 Leading order fluid flow
Following Taylor1, we pursue a regular perturbation expan-
sion in the wave amplitude ε . The stream functionψ is defined
by v
¯
=∇×(ψ zˆ); this form ensures∇ ·v
¯
= 0. The stream func-
tion ψ and the angle field θ are expanded in powers of ε as
ψ = εψ(1)+ε2ψ(2)+O(ε3) and θ = εθ (1)+ε2θ (2)+O(ε3).
Force and torque balance from (4) and (5) at O(ε) are given
by
∇4ψ(1)+
4µ1
2+µ2
∂ 2x ∂
2
y ψ
(1)+
1
(2+µ2)Er
{
(1+λ )∂ 4x θ
(1)+[Kr(1+λ )+1−λ ]∂ 2x ∂ 2y θ (1)+Kr(1−λ )∂ 4y θ (1)
}
= 0, (8)
∂tθ (1)+
1+λ
2
∂ 2x ψ
(1)+
1−λ
2
∂ 2y ψ
(1)− 1
Erγ
(
∂ 2x θ
(1)+Kr∂ 2y θ
(1)
)
= 0. (9)
Equations (8) and (9) are solved byψ(1)=Re[ψ˜(1)] and θ (1)=
Re[θ˜ (1)], where
ψ˜(1) =
3
∑
j=1
c jer jy+i(x−t), (10)
θ˜ (1) =
3
∑
j=1
d jer jy+i(x−t). (11)
Insertion of (10) and (11) into (8) and (9) results in a cubic
equation for m= r2j ,
0 = A0+mA1+m2A2+m3A3,
A0 = −2(2+µ2)+ γ[−(1+λ )2+2iEr(2+µ2)],
A1 = m{Kr[γ(1+λ )2+2(2+µ2)]+2(4+4µ1+2µ2)
+ γ[1−λ 2−2iEr(2+2µ1+µ2)]},
A2 = A0+4γλ +2Kr[γ(−1+λ 2)−4−4µ1−2µ2],
A3 = Kr[γ(−1+λ )2+4+2µ2]. (12)
The velocity field remains finite as y→ ∞ if the roots r j are
taken with negative real part. The relation between the coeffi-
cients c j and d j follows from (8) and (9):
d j = c j
Erγ[1+λ − (1−λ )r2j ]
2(1−Krr2j − iErγ)
, (13)
and the coefficients ci are determined by the boundary condi-
tions at first order in amplitude
∂yψ˜(1)|y=0 = 0, (14)
−∂xψ˜(1)|y=0 = −εei(x−t), (15)
−∂yθ˜ (1)+wθ˜ (1)|y=0 = wεei(x−t). (16)
2.4 Second-order problem
The equations at second order in ε have many terms and are
unwieldy. However, they are simplified by averaging over the
spatial period. Since the forcing is a traveling sinusoidal wave
depending on space and time through the combination x− t,
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Fig. 5 (Color online) Dimensionless swimming speedU vs Er= tw for a transverse-wave swimmer with µ = µ1 = µ2 = 1, Kr = 1.2, and
l = 0.6, with anchoring strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity g⇤/µ is 5 (left), 25
(center), and 50 (right).
Fig. 6 (Color online) Dimensionless swimming speedU vs g⇤/µ for a transverse-wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (center), Er= tw = 100 (right). The colors denote anchoring strengths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (green), and w= 5.0 (brown).
3.3 Solution for general Ericksen number
For general Ericksen number the solutions of the governing
equations to second order in amplitude do not result in ele-
gant expressions, but the swimming speed and flux can be cal-
culated and plotted. We explain our methods of solution in
the Appendix. In the following, we use material parameters
that closely mirror the properties of disodium cromoglycate
(DSCG) in which experiments on swimmers in liquid crystals
have been performed26,29,30,49. We choose µ1 = µ2 = 1, Kr =
1.2, and plot the swimming speed and flux of a transverse-
wave swimmer as a function of tumbling parameter l , the Er-
icksen number Er= tw = µw/(K3q2), and anchoring strength
w for multiple generations of g in Figs. 5,6,7.
At high Ericksen number, the swimming behavior is given
by the case of strong tangential anchoring for all values of the
anchoring strength, as seen in Fig. 5 and Fig. 6 (right panels).
The value of Er for which swimmer behavior is unaffected
by the anchoring strength w is inversely proportional to g , as
suggested by the appearance of the produce Erg in (7). In
DSCG, g⇤/µ ranges between approximately 5 and 5049.
Fig. 5 shows the swimming speed for a transverse-wave
swimmer as a function of Er = tw in three regimes of g⇤/µ .
Fig. 6 shows the swimming speed for a transverse-wave swim-
mer as a function of g⇤/µ in three regimes of Er. In both
figures, the qualitative features of the volume flux and swim-
ming speed are captured by the simpler hexatic fluid43, such
as reversals in the swimming direction (Fig. 5, right panel and
Fig. 6) and volume flux (Fig. 7) depending on the relative ro-
tational viscosity g⇤/µ . For l far from the transition to flow-
aligning nematics (l = 1) and for generic values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where the swimming speed is always bounded
from above by the speed in a Newtonian fluid.
While the hexatic liquid crystal model gives a rough ap-
proximation to locomotion in a nematic fluid for generic pa-
rameters, it is seen that for very small Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus we ex-
pect the effects of anisotropy to be most readily observable in
experiments at low Er and weak anchoring29. The anisotropy
is also important when the tumbling parameter l approaches
unity, marks the transition from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
limit l ! 1 .The thickness of the boundary layer is seen to be
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Fig. 6 (Color online) Dime sionless swimming speedU vs g⇤/µ for a tra sverse-wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (center), Er= tw = 100 (right). The colors d note anchori g st engths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (green), and w= 5.0 (brown).
3.3 Solution for general Ericksen number
For general Ericksen number the solutions of the governing
equations to second order in mplitude do not result in ele-
gant expressions, but the swimming spee and flux can be cal-
culated and plotted. We explain our methods of solution in
the Appendix. In the following, we use aterial parameters
that clos ly mirror the properties of disodium cro oglycate
(DSCG) in which experiments on swim ers in liquid crystals
have been performed26,29,30,49. We choose µ1 = µ2 = 1, Kr =
1.2, and plot the swimming speed a d flux of a transverse-
wave swimmer as a function of tumbling arameter l , the Er-
icksen number Er= tw = µw/(K3q2), and anchoring tr ngt
w for multiple generations f g in Fi s. 5,6,7.
At high Ericksen number, the swimming behavior is given
by the case of strong tangential anchoring for all values of the
anchoring strength, as seen in Fig. 5 and Fig. 6 (right pan ls).
The value of Er for which swimmer behavior is unaffected
by the anchoring strength w is inversely proportional to g , as
suggested by the appearance of the produce rg in (7). In
DSCG, g⇤/µ ranges between approximately 5 and 5049.
Fig. 5 shows the swimming speed for a transverse-wave
swimmer as a function of Er = tw in three regimes of g⇤/µ .
Fig. 6 shows the swimming speed for a transverse-wave swim-
mer as a function of g⇤/µ in three regimes of Er. In both
figures, the qualitative features of the volume flux and swim-
ming speed are captured by the simpler hexatic fluid43, such
as reversals in the swimming direction (Fig. 5, right panel and
Fig. 6) and volume flux (Fig. 7) depending on the relative ro-
t io al viscosity g⇤/µ . For l far f om the transition to flow-
aligning nematics (l = 1) and fo generic values of µ1, µ2,
and Er, the predic io s for the flux and speed are within 20–
40% of the corresponding valu s in the hexatic liquid crystal.
This ituati n contrasts with swim ing in a viscoelastic or
hexatic fluid, where the swimming speed is always bounded
from above by the speed in a Newtonian fluid.
W ile the hex tic liquid crystal mod l gives a rough ap-
prox matio to l c otion in a nematic fluid for generic pa-
rameters, it is seen that for very small Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus w ex-
p ct the ffects of anisotropy to be most readily observ ble in
expe iments at low E a d weak anchoring29. T e a i otropy
is also important when the tumbling parameter l approaches
unity, marks the transi ion from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
limit l ! 1 .The thickness of the boundary layer is seen to be
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Fig. 5 (Color online) Dimensionless swimming speedU vs Er= tw for a transverse-wave swimmer with µ = µ1 = µ2 = 1, Kr = 1.2, and
l 0.6, with anchoring strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity g⇤/µ is 5 (left), 25
(ce ter), and 50 (right).
Fig. 6 (Color online) Dimensionless swimming speedU v g⇤/µ for a transverse-wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (center), Er= tw = 100 (right). The colors denote anchoring strengths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (gree ), and w= 5.0 (brown).
3.3 Solution fo general Ericksen numbe
For eneral Ericksen number the solutions of the governing
equations to second or er in amplitude do not result in ele-
gant expressions but the swim ing peed and flux can be cal-
culat d and pl tted. We explain our methods of solution i
the Appendix. In the following, we use material parameters
that closely mirro th p operti s of disodium cromoglycate
(DSCG) in which experiments o swimmers in liquid crystals
have bee performed26,29,30,49. We choose µ1 = µ2 = 1, Kr =
1.2 and plot the swi ming sp ed and flux of a transverse-
wave swimm r as a function of tumbling parameter l , the Er-
icksen number Er= tw = µw/(K3q2), and anchoring strength
w for ultiple generatio s of g in Figs. 5,6,7.
At high Ericks n numb r, he swimm ng b havior is given
by the case of stro g tange tial anchoring f r all values of the
a choring stre gth, as seen in Fig. 5 and Fig. 6 (right panels).
The valu f E for which wim r behavior is u affected
by the anchoring strength w is inversely proportio al to g , as
suggested by the appearance of the produce Erg in (7). In
DSCG, g⇤/µ ranges between approximately 5 and 5049.
Fig. 5 shows the wimming speed for a transver e-wave
swim er as a function of Er = tw in thre regimes of g⇤/µ .
Fig. 6 shows the sw mming speed for transverse-wave swim-
mer as a function of g⇤/µ in three regimes of Er. In both
figures, t e qualitative features of the volume flux and swim-
ming speed are captured by the simpler hexatic fluid43, such
as reversals in the swimming direction (Fig. 5, right panel and
Fi . 6) and volume flux (Fig. 7) depending on the relative ro-
tational viscosity ⇤/µ . For l far from the transition to flow-
align ng nematics (l = 1) nd f r generic values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where th swi ming speed is always bounded
fr m abo by the speed in a Newtonian fluid.
While th hexatic liquid crystal model gives a rough ap-
proxim tion to locomotion in a nematic fluid for generic pa-
rame ers, it is seen that for very sm ll Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus we ex-
ect the effects of nisotropy to be most readily observable in
experim nts at low Er nd weak a choring29. The anisotropy
is also important when the tumbling parameter l approaches
unity, marks the transi ion from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
limit l ! 1 .The thickness of the boundary layer is seen to be
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Fig. 5 (Color online) Dimensionless swimming speedU vs Er= tw for a transverse-wave swimmer with µ = µ1 = µ2 = 1, Kr = 1.2, and
l = 0.6, with anchoring strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity g⇤/µ is 5 (left), 25
(center), and 50 (right).
Fig. 6 (Color online) Dimensionless swimming speedU vs g⇤/µ for a transverse-wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (center), Er= tw = 100 (right). The colors denote anchoring strengths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (green), and w= 5.0 (brown).
3.3 Solution for general Ericksen number
For general Ericksen number the solutions of the governing
equations to econd order in mplitud do not result in ele-
gant expressions, but the swimming speed and flux can be cal-
cul ted plotted. We xplain our methods of s lution in
the Appendix. In the following, w use materi l pa met rs
that closely mirror the properties of is dium c omogl cat
(DSCG) in whic exp riments on swimmers i liquid crystals
have been per ormed26,29,30,49. We choo e µ1 = µ2 = 1, Kr =
1.2, and plot the swimming speed nd flux of a trans erse-
wave swimmer as a function of tumbling param ter l , the Er-
icksen umber Er= tw = µw/(K3q2), and a chori g strength
w for multiple generations of g in Figs. 5,6,7.
At high Erickse number, the sw mming behavior is given
by the c se of strong tangenti l ancho ing for all valu s of the
anchoring strength, a seen in Fig. 5 and Fig. 6 (right panels).
The value of Er or which swimmer behavi r is unaffected
by the ancho ing strength w is inversely prop ti nal t g , s
suggested by the appearanc of the produce E g in (7). In
DSCG, g⇤/µ ranges b tween approxi ately 5 and 5049.
Fig. 5 shows the swimming speed for a transverse-wave
sw mmer as a function of Er = tw in three regimes of g⇤/µ .
Fig. 6 s ows the swimming speed for a transverse-wave swim-
mer as a function of g⇤/µ in three regimes of Er. In both
figures, the qualitative features of the volume flux and swim-
ming speed are captured by the simpler hexatic fluid43, such
as reversals in the swimming direction (Fig. 5, right panel and
Fig. 6) and volume flux (Fig. 7) depending on the relative ro-
tational viscosity g⇤/µ . For l far from the transition to flow-
aligning nematics (l = 1) and for generic values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where the swimming speed is always bounded
from above by the speed in a Newtonian fluid.
While the hexatic liquid crystal model gives a rough ap-
proximation to locomotion in a nematic fluid for generic pa-
rameters, it is seen that for very small Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus we ex-
pect the effects of anisotropy to be most readily observable in
experiments at low Er and weak anchoring29. The anisotropy
is also important when the tumbling parameter l approaches
unity, marks t e transition from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
limit l ! 1 .The thickness of the boundary layer is seen to be
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Fig. 5 (Color online) Dimensionless swimming speedU vs Er= tw for a transverse-wave swimmer with µ = µ1 = µ2 = 1, Kr = 1.2, and
l = 0.6, with anchoring strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity g⇤/µ is 5 (left), 25
(center), and 50 (right).
Fig. 6 (Color online) Dimensionless swimming speedU vs g⇤/µ for a transvers -wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (ce ter), Er= tw = 100 (right). The colors denote anchoring strengths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (green), and w 5.0 (brown).
3.3 Solution for general E icksen number
For general Ericksen nu ber th solutions of the governing
equations to second order in amplitude do not result i ele-
gant expressio s, but h swimming sp ed and flux c be cal-
c lated and plott d. We explain our met ods of solution in
t Appendix. I t e following, we use aterial par meters
that closely mirro the properties of disodium cromoglycate
(DSCG) in wh ch experiments n swim ers in liquid crystals
have been perf rmed26,29,30,49. We choos µ1 = µ2 = 1, Kr =
1.2, nd plot the swimming speed a d flux of a tra svers -
ave swimm r as a func on f tumbling par meter l , t Er-
icksen number Er= tw = µw/(K3q2), a d a choring strength
w for multiple generations of g in Fi s. 5,6,7.
At high Ericksen number, the swimming behavi r is given
by the case of strong tangential anchor ng for l values of the
ancho ing strength, as seen in Fig. 5 and Fig. 6 (right panels).
The value of Er for which swimmer behavior is unaffected
by the anchoring strength w is inversely proportional to g , as
suggested by th appearance of the produce Erg in (7). In
DSCG, g⇤/µ r nges between approximately 5 and 5049.
Fig. 5 shows the swimming speed for a transverse-wave
swimmer as a function of Er = tw in three regimes of g⇤/µ .
Fig. 6 shows the swim ing speed for a transverse-wave swim-
mer as a fu ction of g⇤/µ in three regimes of Er. In both
figu , the qualitative features of the volume flux and swim-
ming speed are c ptured by the simpler hexatic fluid43, such
a reversals i the swimming direction (Fig. 5, right panel and
Fig. 6) nd volume flux (Fig. 7) depending on the relative ro-
tational isco ity g⇤/µ . For l far from the transition to flow-
ligning nematics (l = 1) and for ge ric values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where the swimming speed is always bounded
from above by the speed in a Newtonian fluid.
While the hexatic liquid crystal model gives a rough ap-
proximation to locomotion in a nematic fluid for generic pa-
rameters, it is seen that for very small Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus we ex-
pect the effects of anisotropy to be most readily observable in
experiments at low Er and weak anchoring29. The anisotropy
is also important when the tumbling parameter l approaches
unity, marks the transition from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
limit l ! 1 .The thickness of the boundary layer is seen to be
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Fig. 5 (Color online) Dimensionless s i ing speedU vs Er= tw for a transverse-wave swimmer with µ = µ1 = µ2 = 1, Kr = 1.2, and
l = 0.6, with anchori g strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity g⇤/µ is 5 (left), 25
(center), and 50 (right).
Fig. 6 (Color online) Dimensionless swimming speedU vs g⇤/µ for a transverse-wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (center), Er= tw = 100 (right). The colors denote anchoring strengths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (green), and w= 5.0 (brown).
3.3 Solution for g neral Ericksen umber
For general Eri k en numb r the soluti ns of the governing
equations to s cond o der in amplitud do not result in ele-
gant expressions, but the swimming speed and flux can be cal-
culated and plott d. We explain our m thods of solution in
the Append x. In the followi g, we use material parameters
that closely mirror the properti disodium cromoglycate
(DSCG) in which experim nts on swimmers in liquid crystals
have been performed26,29,30,49. We choose µ1 = µ2 = 1, Kr =
1.2, and plot the sw mmi g speed and flux of a transverse-
wave swi er as a function of tumbling parameter l , the Er-
icks n number Er= w = µw/(K3q2), a d a choring str ngth
w for m ltiple generations of g in Figs. 5,6,7.
At high Ericks n number, the swi ming behavior given
by the case of trong tang ntial anch ing for all valu s of the
anchoring strength, as ee in Fi . 5 nd Fig. 6 (right panels).
The value of Er for which s imm r beh v r is u aff cted
by th anchoring streng h w is inversely proportio al t g , as
s ggested by the ap earanc of the prod ce Erg in (7). I
DSCG, g⇤/µ rang s b tween appr ximately 5 and 5049.
Fig. 5 shows the swim ing speed for a transverse-wave
swimmer as a function of Er = tw in three regimes of g⇤/µ .
Fig. 6 shows the swimming speed for a transverse-wave swim-
mer as a function of g⇤/µ in three regimes of Er. I both
figures, the qualitative features of the volume flux nd swim-
mi g peed are captured by the simpler hexatic fluid43, such
as rever als in the swimming direction (Fig. 5, right panel and
Fig. 6) and volume flux (Fig. 7) depending on the relative ro-
tational viscosity g⇤/µ . For l far from the transition to flow-
aligning nematics (l = 1) and for generic values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where the swim ing speed is always bound d
from above by the speed in a Newtonian fluid.
While the hexatic liquid crystal model gives a rough ap-
proximation t locomotion in a nematic fluid for generic pa-
ra et rs, it is see that for very small Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus we ex-
pect the effects of anisotropy to be most readily observable in
experiments at low Er and weak anchoring29. The anisotropy
is also important when the tumbling parameter l approaches
unity, marks the transition from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
limit l ! 1 .The thickness of the boundary layer is seen to be
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Fig. 2 (Color online) Dimensionless swimming speed U∗/(cε2) vs Er = τω for a swimmer in a nematic liquid crystal with µ∗1 = µ , µ
∗
2 = µ ,
Kr = 1.2, and λ = 0.6, with anchoring strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity γ∗/µ
is 5 (left), 25 (center), and 50 (right). The horizontal axis is rescaled in each plot for enhanced resolution.
averaging over x causes rivatives with respect to x and ith
respect to t to vanish. Denoting the spatial average by 〈·〉 , we
find
(1−λ )Kr
(2+µ2)Er
〈∂ 3y θ (2)〉+ 〈∂ 2y v(2)x 〉 = f , (17)
Kr
γ Er
〈∂ 2y θ (2)〉−
1
2
(1−λ )〈∂yv(2)x 〉 = , (18)
where f and g are giv n by
f =
k1
Er
〈∂xθ (1)∂ 2y θ (1)〉+
4µ1
2+µ2
〈∇θ (1) ·∂yv(1)〉 (19)
g 〈v(1) ·∇θ (1)〉−2λ 〈∂xθ (1)v(1)x 〉− k2γ Er 〈∂yθ
(1)∂xθ (1)〉, (20)
with k1 = [Kr(1+λ )+1−λ ]/(2+µ2) and k2 = Kr−1. Ex-
panding the no-slip bounda y condi ion to sec nd order, we
find
〈v(2)x 〉|y=0 =−〈Y∂yv(1)x 〉|y=0, (21)
where Y is giv n by q. (7). The second-order p r of th
anchoring condition takes the form[
−〈∂yθ (2)〉+w〈θ (2)〉
]
y=0
= Ξ, (22)
where
Ξ= 〈−∂xY∂xθ (1)+Y∂ 2y θ (1)−wY∂yθ (1)〉
∣∣∣
y=0
. (23)
The swimming speed and velocity field at second order are
given by solving (17) and (18) subject to the no-slip boundary
condition and no flow at infinity. The result is
〈v(2)x 〉= 〈v(2)x 〉|y=0−α
∫ y
0
[
γ(1−λ )g+(2+µ2)F
]
dy′, (24)
where F(y)=
∫ ∞
y f (y
′)dy′ and α = 2[γ(1−λ )2+2(2+µ2)]−1.
The boundary conditions on 〈θ (2)〉 do not enter the expression
for 〈v(2)x 〉. T e swimming speed U is given by the flow speed
(24) at y= ∞:
U = 〈v(2)x 〉|y=0−α
∫ ∞
0
[
γ(1−λ )g+(2+µ2)y f
]
dy, (25)
where to obtain (25) we have integr ted by parts. Appendix B
iscusses s me of the detail of alculati g this integral.
We will als be i terested in anoth r bservable. Unlike in
the cas of a unconfined Taylor swimmer in a N wtonian1 or
Oldroyd-B fluid at zero Reynolds number8, th re is a et flux
flui pu ped by a swimm r in a liquid crystal. I the lab
frame, the average flux is i en by
Q
∫ ∞
ys
〈vx−U〉dy≈
∫ ∞
0
〈v(2)x −U〉dy− 〈ysv(1)x 〉
∣∣∣
y=0
. (26)
Note that t second term of Eq . (26) vanishes for trans-
verse wave since v(1)x |y=0 = 0. (T e second term als van-
ishes for a lo gitudinal wave, si ce ys = 0—see Append x C.)
Theref re, the flux is also given to second-order accuracy by
Q(2) =
∫ ∞
0
(
〈v(2)x 〉−U
)
dy. (27)
Note our sign convention: a positive U corresponds to swim-
ming towards the left, opposite the direction of wave propa-
gation (see Fig. 1f), while a positive Q corresponds to fluid
swept to the right, along the dir ction of wave propagation.
3 Results
3.1 Dependence on Ericksen number
For general Ericksen number the solutions of the governing
equations to second order do not result in elegant expressions,
but the swimming speed and flux are readily found and plot-
ted. The method of solution is described in Appendix B. In
the following, we use material parameters that closely mir-
ror the properties of disodium cromolyn glycate (DSCG), in
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� )Fig. 5 (Color online) Dimensionless swimming speedU vs Er= tw for a transverse-wave swimmer with µ = µ1 = µ2 = 1, Kr = 1.2, andl = 0.6, with anchoring strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity g⇤/µ is 5 (left), 25
(center), and 50 (right).
Fig. 6 (Color online) Dimensionless swimming speedU vs g⇤/µ for a transverse-wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (center), Er= tw = 100 (right). The colors denote anchoring strengths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (green), and w= 5.0 (brown).
3.3 Solution for general Ericksen number
For general Ericksen number the solutions of the governing
equations to second order in amplitude do not result in ele-
gant expressions, but the swimming speed and flux can be cal-
culated and plotted. We explain our methods of solution in
the Appendix. In the following, we use material parameters
that closely mirror the properties of disodium cromoglycate
(DSCG) in which experiments on swimmers in liquid crystals
have been performed26,29,30,49. We choose µ1 = µ2 = 1, Kr =
1.2, and plot the swimming speed and flux of a transverse-
wave swimmer as a function of tumbling parameter l , the Er-
icksen number Er= tw = µw/(K3q2), and anchoring strength
w for multiple generations of g in Figs. 5,6,7.
At high Ericksen number, the swimming behavior is given
by the case of strong tangential anchoring for all values of the
anchoring strength, as seen in Fig. 5 and Fig. 6 (right panels).
The value of Er for which swimmer behavior is unaffected
by the anchoring strength w is inversely proportional to g , as
suggested by the appearance of the produce Erg in (7). In
DSCG, g⇤/µ ranges between approximately 5 and 5049.
Fig. 5 shows the swimming speed for a transverse-wave
swimmer as a function of Er = tw in three regimes of g⇤/µ .
Fig. 6 shows the swimming speed for a transverse-wave swim-
mer as a function of g⇤/µ in three regimes of Er. In both
figures, the qualitative features of the volume flux and swim-
ming speed are captured by the simpler hexatic fluid43, such
as reversals in the swimming direction (Fig. 5, right panel and
Fig. 6) and volume flux (Fig. 7) depending on the relative ro-
tational viscosity g⇤/µ . For l far from the transition to flow-
aligning nematics (l = 1) and for generic values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where the swimming speed is always bounded
from above by the speed in a Newtonian fluid.
While the hexatic liquid crystal model gives a rough ap-
proximation to locomotion in a nematic fluid for generic pa-
rameters, it is seen that for very small Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus we ex-
pect the effects of anisotropy to be most readily observable in
experiments at low Er and weak anchoring29. The anisotropy
is also important when the tumbling parameter l approaches
unity, marks the transition from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
limit l ! 1 .The thickness of the boundary layer is seen to be
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Fig. 5 (Color online) Dimensionless swimming speedU vs Er= tw for a transverse-wave swimmer with µ = µ1 = µ2 = 1, Kr = 1.2, and
l = 0.6, with anchoring strengths w= 0 (blue), w= 0.1 (red), w= 1 (green), and w= 5 (brown). The rotational viscosity g⇤/µ is 5 (left), 25
(center), and 50 (right).
Fig. 6 (Color online) Dimensionless swimming speedU vs g⇤/µ for a transverse-wave swimmer with µ⇤1/µ = µ
⇤
2/µ = 1, Kr = 1.2,
l = 0.75, and Er= tw = 0.01 (left), Er= tw = 1.00 (center), Er= tw = 100 (right). The colors denote anchoring strengths: w= 0 (blue),
w= 0.1 (red), w= 1.0 (green), and w= 5.0 (brown).
3.3 Solution for general Ericksen number
For general Ericksen number the solutions of the governing
equations to second order in amplitude do not result in ele-
gant expressions, but the swimming speed and flux can be cal-
culated and plotted. We explain our methods of solution in
the Appendix. In the following, we use material parameters
that closely mirror the properties of disodium cromoglycate
(DSCG) in which experiments on swimmers in liquid crystals
have been performed26,29,30,49. We choose µ1 = µ2 = 1, Kr =
1.2, and plot the swimming speed and flux of a transverse-
wave swimmer as a function of tumbling parameter l , the Er-
icksen number Er= tw = µw/(K3q2), and anchoring strength
w for multiple generations of g in Figs. 5,6,7.
At high Ericksen number, the swimming behavior is given
by the case of strong tangential anchoring for all values of the
anchoring strength, as seen in Fig. 5 and Fig. 6 (right panels).
The value of Er for which swimmer behavior is unaffected
by the anchoring strength w is inversely proportional to g , s
suggested by the appearance of the produce Erg in (7). In
DSCG, g⇤/µ ranges between approximately 5 and 5049.
Fig. 5 shows the swimming speed for a transverse-wave
swimmer as a function of Er = tw in three regimes of g⇤/µ .
Fig. 6 shows the swimming speed for a transverse-wave swim-
mer as a function of g⇤/µ in three regimes of Er. In both
figures, the qualitative features of the volume flux and swim-
ming speed are captured by the simpler hexatic fluid43, such
as reversals in the swimming direction (Fig. 5, right panel and
Fig. 6) and volume flux (Fig. 7) depending on the relative ro-
tational viscosity g⇤/µ . For l far from the transition to flow-
aligning nematics (l = 1) and for generic values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where the swimming speed is always bounded
from above by the speed in a Newtonian fluid.
While the hexatic liquid crystal model gives a rough ap-
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rameters, it is seen that for very small Ericksen number (Er⇡
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w for multiple generations of g in Figs. 5,6,7.
At high Ericksen number, the swimming behavior is given
by the case of strong tangential anchoring for all values of the
anchoring strength, as seen in Fig. 5 and Fig. 6 (right panels).
The value of Er for which swimmer behavior is unaffected
by the anchoring strength w is inversely proportional to g , as
suggested by the appearance of the produce Erg in (7). In
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figures, the qualitative features of the volume flux and swim-
ming speed are captured by the simpler hexatic fluid43, such
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Fig. 6) and volume flux (Fig. 7) depending on the relative ro-
ati nal viscosity g⇤/µ . For l far from the transition to flow-
aligning nematics (l = 1) and for generic values of µ1, µ2,
and Er, the predictions for the flux and speed are within 20–
40% of the corresponding values in the hexatic liquid crystal.
This situation contrasts with swimming in a viscoelastic or
hexatic fluid, where the swimming speed is always bounded
from above by the speed in a Newtonian fluid.
While the hexatic liquid crystal model gives a rough ap-
proximation to locomotion in a nematic fluid for generic pa-
rameters, it is seen that for very small Ericksen number (Er⇡
10 1), the anisotropic terms play a dominant role. Thus we ex-
pect the effects of anisotropy to be most readily observable in
experiments at low Er and weak anchoring29. The anisotropy
is also important when the tumbling parameter l approaches
unity, marks the transition from tumbling to flow-aligning ne-
matic fluids45. Equations (6, 7, 15, 16) are all singular in the
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Fig. 3 (Color online) Dimensionless swimming speed U∗/(cε2) vs. γ∗/µ for a swimmer in a nematic fluid with µ∗1 = µ , µ
∗
2 = µ , Kr = 1.2,
and λ = 0.75. The three panels correspond to Er 0.01 (l ft), Er = 1. (middle), and Er = 100. (right). The colors denote anchoring
strengths: w= 0 (blue), w= 0.1 (red), w= 1.0 (green), and w= 5.0 (brown). Note that the scale for velocity in the left panel is expanded
relative to the scales in the middle and right panels.
which xpe iments n wimm s in liqui crys al have been
performed26,29,30,50. We choose µ1 = µ2 = 1, Kr = 1.2, and
study th swimmi g spe d as a fu ction of Ericksen umber
Er, anc oring strength w, rotational viscosity γ , and tumbling
parameter λ .
Figure 2 sh ws the swi ming speed as a fun tion f Er =
τω [r call τ = µ/(K3q2)] and γ∗/µ = 5, 25, and 50. T e
range of γ∗/µ is between≈ 5 d≈ 5 for DSCG50. Observ
hat whe the anchoring strength is weak, the swimming peed
decrease with Er. This behavior was also seen in th case of
a swi mer in a exatic liquid crystal43. When the anchoring
strength is strong, w ' 5, the wimming speed is weakly de-
pendent on Ericksen number, becoming independent of Erick-
sen umber for lar e rotational visc sity (Fi . 2, right pan l).
This weak dependence o Er is sugg st d by the fact at the
rotational viscosi y e te s the governing equations in the com-
bination (γ Er)−1 (Eqs. 9, 18, 20). Howev r, wh n the rotation
viscosity is in the low range for DSCG, γ∗/µ = 5, the swim-
ming speed increases with Ericksen number when the anchor-
ing str ngth is oderately strong, w = 5 (Fig. 2, left p nel):
when anchoring is important, the swimming speed increases
when viscous effects dominate as long as the rotational vis-
cosity is sufficiently low. The increase in swimming speed
with Er at strong anchoring and modest γ∗ is not seen in the
hexatic liquid crystal43.
All three panels of Fig. 2 indicate that the swimming speed
becomes independent of anchoring strength when the Erick-
sen number is sufficiently large. Once again, because the ro-
tational viscosity enters always in the combination (γ Er)−1,
the value of Er for which the anchoring strength becomes ir-
relevant is inversely proportional to the rotational viscosity.
In contrast with the case of a transverse-wave swimmer in a
hexatic liquid crystal, the swimming speed has a weak but no-
ticeable dependence on Ericksen number when the anchoring
strength is strong and the rotational viscosity is not too large
(Fig. 2, left panel). But because this dependence is weak we
can say that the large Er limit is the same as the strong anchor-
ing strength l mit. Note that the large Ericksen number limit
is ached at relatively small values of the Ericksen number;
in all the p n ls of Fig. 2, the larg Er asymptotic value is
reach d or n arly reached when Er = 1.
As i the case of a hexatic liquid crystal43, the large Er limit
is sing lar, since terms wi h the highest derivatives in the gov-
rning equations vanish in this limit [See Eqs. (8–9), (17–18)].
W n elastic stresses are small compared with the viscous
stresses, it is tural to set the Ericksen number to infinity,
or equivalently, drop all terms involving the Frank elastic con-
stants. The resulting limit n model is known as Erickse ’s
tr n v rsely isotropic fluid45. Howev r, this limit is singu-
lar, and ther fore Eri ksen’s transversely isotropic fluid does
no give physical esults for the swimming speed. In partic-
ular, Ericksen’s transversely isotropic fluid would incorrectly
p dict th t the swimming speed is independent of rotational
viscosity at large Ericksen number. Examining the right end
of each of the panels in Fig. 2 shows that speed depends on γ
at large Er; we now turn our attention to this dependence.
3.2 Dependence on rotational viscosity γ∗
Figure 3 shows the swimming speed as a function of dimen-
sionless rotational viscosity γ = γ∗/µ for various Ericksen
numbers and anchoring strengths for a nematic liquid crys-
tal. First note that in accord with discussion of Fig. 2, the
swimming speed becomes independent of anchoring strength
for large Er. The middle panel of Fig. 3 shows that the de-
pendence on anchoring strength is very weak even for Er = 1
(which of course can also be observed from Fig. 2). Sec-
ondly, the swimmer can reverse direction. When γ∗/µ is large
enough, U∗ becomes negative, meaning the swimmer swims
in the same direction as its propagating wave. These qualita-
tive features were also observed in the model for a swimmer
in a hexatic liquid crystal43. However, Fig. 3 also reveals im-
portant differences between swimming in a hexatic and a ne-
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Fig. 4 (Color online) Swimming speed in µms−1 vs γ∗/µ for a
swimmer in a nematic liquid crystal with µ1 = µ2 = 1, Kr = 1.2,
λ = 0.75, q= 1rad/µm, τ = 1ms, and w= 0. The colored curves
correspond to different beat frequencies: ω = 10rad/s (blue),
ω = 50rad/s (red), ω = 100rad/s (green), ω = 200rad/s (brown).
The corresponding values of Er = τω are all 1.
matic liquid crystal. First, the hexatic swimming speed is al-
ways bounded by the isotropic Newtonian swimming speed43,
|U∗| < cε2/2, whereas the nematic swimming speed can be
greater than the Newtonian speed. Second, there is a maxi-
mum in the swimming speed as a function of rotational viscos-
ity, as long as the anchoring strength is low enough. The max-
imum is most apparent at small Er, and is in the region of mea-
sured rotational viscosities for DSCG (Fig 3, left panel). The
maximum is less apparent at higher Ericksen numbers since
in that regime, the γ → 0 limit of the speed is only slightly
smaller than the value of the maximum speed.
Note also that the swimming speed depends on the anchor-
ing strength in the limit of low rotational viscosity. When
γ→ 0, there is a decoupling between the flow field and the di-
rector field because the molecular field h vanishes in this limit.
In the problem of swimming in a hexatic liquid crystal43,
this decoupling is complete, and the swimming speed is the
isotropic Newtonian swimming speed1 U∗ = ωε2/(2q) when
γ→ 0. However, the decoupling is only partial in the case of a
nematic liquid crystal, since in that case the anisotropic terms
in the viscous stress depend on the director configuration even
when h= 0. When h= 0, the director field at each instant is in
equilibrium, and since this equilibrium configuration depends
on the anchoring strength, the stress and ultimately the swim-
ming speed depend on the anchoring strength. In particular,
the swimming speed does not go to the isotropic swimming
speed when γ = 0 in a nematic liquid crystal.
It is interesting to plot the swimming speed in physical units
to make the dependence on beat frequency ω more apparent
(Fig. 4). When the anchoring strength vanishes and γ∗/µ is in
the experimental range of 10 and 100 for DSCG48, the swim-
ming speed depends only weakly on the beat frequency ω: all
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Fig. 5 (Color online) Dimensionless swimming speed vs tumbling
parameter λ for various Ericksen numbers, µ∗1 = µ , µ
∗
2 = µ ,
γ∗ = 20µ , and zero anchoring strength.
four curves in Fig. 4 cross in this region.
3.3 Dependence on tumbling parameter λ
Figure 5 shows how the swimming speed depends on the tum-
bling parameter λ for various Ericksen numbers. For all Er-
icksen numbers we find a peak near λ = 1, which marks the
transition between tumbling and shear-aligning nematic liq-
uid crystals45. The maximum is at λ = 1 for moderate to high
Er, and shifts to slightly higher λ when the Ericksen number
becomes small.
As mentioned earlier, the general expressions for speed and
flux are too complicated to display. However, there is a rela-
tively compact expression of the swimming speed in the limit
of large Ericksen number, which we find by expanding the
first-order solutions of (10)–(16) in a Taylor series in Er−1,
and then inserting these values into (17)–(25) to find
U = ε2
2[2+µ1(1+λ )+µ2]− γ(1+λ )(λ −1)2
8+4µ2+2γ(λ −1)2 +O
(
1
Er
)
.
(28)
This expression confirms our general observation that the
large-Ericksen number behavior is independent of the anchor-
ing strength w. It also shows that when the Ericksen number
is large, the swimming speed becomes independent of the ro-
tational viscosity when λ = 1. The speed and flux as a func-
tion of tumbling parameter for various rotational viscosities
are plotted in Fig. 6. Note again that although (28) and Fig. 6
are appropriate for large Er, they are applicable even to the
modest Ericksen numbers describing experimental systems, of
size 1–10, since the swimming speed reaches its high Er limit
at a low value of Er. We do not have an explanation for why the
swimming speed becomes independent of rotational viscosity
when λ = 1, but we offer the following remarks. First, as
mentioned previously, the transition from tumbling to shear-
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Fig. 6 (Color online) Dimensionless swimming speed (top) and flux
(bottom) vs λ at Er = 1000 for a swimmer in a nematic liquid
crystal with µ∗1 = µ , µ
∗
2 = µ and rotational viscosities given by
γ∗/µ = 5 (blue), γ∗/µ = 25 (red), and γ∗/µ = 50 (green).
aligning nematic liquid crystals occurs when λ = 145. Sec-
ond, the governing equations lose some of the highest deriva-
tive terms when λ = 1, indicating singular behavior and the
existence of boundary layers near the swimmer that are thin
in the y direction. And finally, examination of the first or-
der solutions for the angle field in this limit reveal that the
angle field simultaneously obeys the strong anchoring and no-
anchoring boundary conditions; in other words, the directors
align exactly tangential to the swimmer surface, but experi-
ence no torque.
We close this section by describing the dependence of speed
on tumbling parameter and rotational viscosity for small Er-
icksen number and weak anchoring strength, which is also an
experimentally relevant regime. For the hexatic liquid crys-
tal43, it has been calculated that the first-order velocity field
v(1) is identical to that generated by a swimmer in a Newto-
nian fluid, so that for Er 1 and w= 0 the speed is identical
to the speed in a Newtonian fluid for any rotational viscos-
ity. In an anisotropic fluid, however, the flow field can differ
markedly from the Newtonian counterpart even at first order
in ε , which implies that the speed can differ dramatically from
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Fig. 7 (Color online) Dimensionless swimming speed vs λ for a
swimmer in a nematic liquid crystal with µ1 = µ2 = 1, Kr = 1.2,
w= 0, and Er = τω = 0.01, with rotational viscosities γ∗/µ = 5
(blue), γ∗/µ = 25 (red), and γ∗/µ = 50 (green).
the Taylor speed1 U = cε2/2, as shown in Fig. 7. In the limit
λ → 0, the swimming speed is the same as for a swimmer
in an isotropic Newtonian fluid. Note however that there is a
small but nonzero flux when λ = 0, indicating that the flow
field differs from the isotropic flow field.
3.4 Swimming and pumping using back flow
To highlight the role of the nematic degree of freedom in our
problem, we study swimming and pumping via a mechanism
in which all flow is generated by a prescribed motion of the
directors at a flat non-deformable wall. The coupling of the
motion of the directors to the flow, and vice-versa, is known
as backflow. We suppose that some external mechanism oscil-
lates the directors along the wall with the form of a traveling
wave with wavenumber q and frequency ω , such that the (di-
mensionless) boundary conditions at the wall are
v|y=0 = 0 (29)
θ |y=0 = εei(x−t). (30)
Thus, the director configuration rather than the shape is pre-
scribed. For brevity, we call the swimmer with prescribed
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Fig. 8 (Color online) Dimensionless swimming speed vs Ericksen
number τω for a non-deformable swimmer with prescribed director
oscillation and µ1 = µ2 = 1, Kr = 1.2, and with γ∗/µ = 5 (blue),
γ∗/µ = 20 (red), and γ∗/µ = 50 (green).
director configuration a ‘non-deformable’ swimmer, and the
swimmer with prescribed shape a ‘deformable’ swimmer.
The swimming speed as a function of Ericksen number is
shown in Fig. 8. A qualitative difference with a deformable
swimmer is that the direction does not reverse when the rota-
tional viscosity is large; in fact, increasing the rotational vis-
cosity makes the swimmer go faster, as long as the Ericksen
number is not too large. Given that the large Ericksen number
limit is singular, we expect a boundary layer in the velocity
field and angle field when Er is large. In the problem of a de-
formable swimmer, we found that the swimming speed in that
limit is governed by the strong anchoring condition. Since the
strong anchoring condition in this case would correspond to
no motion of the directors at the swimmer surface, we expect
the speed to vanish as Er increases, as our calculations show
(Fig. 8). Note also that when γ = 0, there is a complete decou-
pling between the flow field and director field problems, and
the swimming speed vanishes.
Figure 9 shows the λ -dependence of locomotion and pump-
ing for the non-deformable swimmer. The swimmer can swim
faster than the Taylor swimmer when λ ≈ 1 and the rotational
viscosity is sufficiently large. Note that the behavior of the
swimming speed is qualitatively similar to that induced by a
swimmer with a deformable body (Fig. 7). The flux induced
by the motion of the directors in the non-deformable swim-
mer (Fig 9) is comparable to the flux induced by a deformable
swimmer, indicating that at low Ericksen number much of the
flux is driven by the backflow effect.
4 Discussion and Conclusion
Because the nematic phase is more anisotropic than the hex-
atic phase, more parameters are required in its constitutive re-
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Fig. 9 (Color online) Dimensionless swimming speed (top) and flux
(bottom) in dimensionless units vs λ for non-deformable swimmer
with prescribed director oscillation and µ1 = µ2 = 1, Kr = 1.2,
Er = 0.2 and with γ∗/µ = 5 (blue), γ∗/µ = 20 (red), and γ∗/µ = 50
(green).
lation. In particular, there are anisotropic viscosities as well as
different elastic moduli for bend and splay (and twist) director
configurations. The tumbling parameter λ also leads to fur-
ther distinctions, such as tumbling and shear-aligning, which
do not exist in the hexatic. Therefore, the hexatic model is
good quantitative approximation for swimming in a nematic
when the magnitudes of µ1, µ2, λ , and K1/K3− 1 are small.
Except for K1/K3− 1, these parameters are usually not small
for the nematic phase.
To further highlight the quantitative difference in this
regime, Fig. 10 shows the difference in speeds between a
highly calamitic, near-aligning transition nematic fluid and a
hexatic for small values of the Ericksen number and a range
of rotational viscosities. For these parameters, the swimmer
in the nematic fluid can travel at much greater speeds than its
companion in a hexatic fluid.
In this work we extended Taylor’s model of an undulat-
ing sheet locomoting by means of small-amplitude traveling
waves in a Newtonian fluid to the case where the ambient fluid
is a twist-free nematic liquid crystal. By considering coupled
equations for the local nematic director and velocity fields and
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Fig. 10 (Color online) Difference in non-dimensional swimming
speeds versus γ∗/µ and Er between a highly calamitic nematic fluid
(λ = 0.9) with µ∗1/µ = µ
∗
2/µ = 1, Kr = 1.2, and a hexatic fluid.
Both fluids are subject to weak anchoring conditions (w= 0). The
horizontal and vertical scales are linear, not logarithmic.
expanding perturbatively in the amplitude we were able to de-
rive general formulas for swimming speed and volumetric flux
induced by the Taylor sheet.
Many of the surprising qualitative features, such as rever-
sal of swimming direction for high rotational viscosity, the
presence of non-zero volumetrix flux, and a convergence to a
strongly-anchored solution for all anchoring strengths at high
Ericksen number, have also been seen in the case of a hex-
atic liquid crystal film43. However, the effects of anisotropy
tend for general material parameters to enhance the swimming
speed, as can occur in for swimming in porous or elastic flu-
ids19,20, shear thinning fluids22, or near rigid walls52. This
speed augmentation by anisotropy can be pronounced, partic-
ularly in the low-Ericksen number regime. Our results show
that the distinctive properties nematic liquid crystals, such as
backflow, can be exploited to develop novel methods of swim-
ming and pumping in anisotropic fluids.
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A Hexatic equations
For comparison purposes, we include here the governing equa-
tions for the hexatic phase:
−∇p+µ∇2v−K∇ · (∇θ∇θ)+ K
2
∇× (zˆ∇2θ)= 0, (31)
∂tθ +v ·∇θ − 12 zˆ ·∇×v =
K
γ
∇2θ . (32)
B Details of calculating the swimming speed
The calculation of the swimming speed, which enters at
O(ε2), depends on a cumbersome but straight-forward com-
bination of the first-order flow and director fields via (2.4).
The real part of the first order stream-function in (10) may be
written as
R[ψ˜(1)] =
1
2
(
ψ˜(1)+ ψ˜(1)
)
, (33)
where the overbar denotes the complex conjugate. The direc-
tor angle field is similarly treated. In (19)-(20) we require such
quantities as 〈θxθyy〉, which we obtain via
θxθyy =
3
∑
j,k=1
(
id jer jy+i(x−t)− id¯ jer¯ jy−i(x−t)
)
×(
dkr2ke
rky+i(x−t)+ d¯k r¯k2er¯ky−i(x−t)
)
. (34)
The horizontal mean over one period is then given by
I1 = 〈θxθyy〉= i4
3
∑
j,k=1
(
d jd¯k r¯k2e(r j+r¯k)y− d¯ jdkr2ke(r¯ j+rk)y
)
.
(35)
The final integration in (25) is now easily performed; for ex-
ample, we have
∫ ∞
0
yI1 dy=
i
4
3
∑
j,k=1
[
d jd¯k r¯k2
(r j+ r¯k)2
− d¯ jdkr
2
k
(r¯ j+ rk)2
]
, (36)
and the other contributions are deduced in the same fashion.
The end result is a cumbersome algebraic expression but one
that is easily evaluated for all parameter values.
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Fig. 11 (Color online) Dimensionless swimming speed vs. Er for
various rotational viscosities for a swimmer with a longitudinal
wave in a nematic liquid crystal with µ∗1 = µ , µ
∗
2 = µ , Kr = 1.2,
λ = 0.6, and zero anchoring strength w.
C Swimmer with a longitudinal wave
For completeness, we also present some results for a swimmer
with a longitudinal waveform,
(X ,Y ) = (ε,0)sin(x− t), (37)
in dimensionless form. Many of the equations needed for cal-
culating the speed and flux are the same as in the case of the
transverse swimmer. Here we list the equations that must be
modified. The boundary conditions at first order in amplitude
ε for the longitudinal swimmer are
∂yψ˜(1)|y=0 = −εei(x−t), (38)
−∂xψ˜(1)|y=0 = 0, (39)
−∂yθ˜ (1)+wθ˜ (1)|y=0 = 0. (40)
The boundary condition for the flow field at second order is
〈v(2)x 〉|y=0 =−〈X∂yv(1)x 〉|y=0, (41)
with X given by (37). The anchoring condition remains the
same as Eq. (22), with the replacement of Ξ [Eq. (23)] with
Ξ= 〈X∂x∂yθ (1)−wX∂xθ (1)〉
∣∣∣
y=0
. (42)
The swimming speed vs Ericksen number is shown in
Fig. 11. For most values of Er and rotational viscosity, the
swimming speed is negative, meaning the swimmer moves in
the same direction as the propagating longitudinal wave, just
as in the case of a longitudinal swimmer in an isotropic New-
tonian liquid, where the swimming speed isU∗ =−cε2/2. As
in the transverse case, the swimming direction can reverse if
the rotational viscosity is sufficiently high. There is no simple
formula for the swimming speed for generic values of the pa-
rameters, but the swimming velocity at high Ericksen number
takes a simple form, with the speed exactly as the transverse
case but with opposite direction:
U =−ε2 2[2+µ1(1+λ )+µ2]− γ(1+λ )(λ −1)
2
8+4µ2+2γ(λ −1)2 +O
(
1
Er
)
.
(43)
The entrained flux in this limit is likewise of same magnitude
but opposite direction
The longitudinal swimmer in a nematic is slower than the
transverse swimmer. However, a longitudinal swimmer in a
nematic is very different from a longitudinal swimmer in a
hexatic. In the case of swimming in a hexatic liquid crystal,
the longitudinal swimmer’s speed differs from the isotropic
speed by only a few percent43. Figure 11 shows that the differ-
ence between the isotropic and nematic swimming speed can
be significant, especially at higher values of rotational viscos-
ity.
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